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ABSTRACT 


Wiewetapnewcoloring probiiem is defined, and its impor- 
PemecemimeseVera! applications is noted. A new algorithm to 
color graphs is presented and tested against the Welch- 
Pomeliwalecoricom. isagnificantly better results are obtained 
Oma Sequence of three hundred randomly generated graphs. 

The new algorithm is applied to the solution of a 


senecduling problem. 
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I. INTRODUCTION 


fee eae GaArPH COLORING PROBLEM 

ie MmirieerVe concept of a graph is that of a set of 
points which are related to each other by connections or 
curves between some pairs of the points. AS examples: a sys- 
Pemeot Highways can be tChought to be a graph. Highway junc- 
tions are the points, and the connections between points are 
the roads between the pane ctianen A compucer program f Komeinaiee 
is a graph in which the points are the problem steps and the 
Cemmec. 1Cns Beet ie paths of program flow from step to step. 
eee Murcal Wap 18 a graph if the states are the points, and 
the connections are the common porders petween neignvoriny 
megees.  oce Figures | and 2 for pictorial demonstration. 

Mimiiivotcanb problem in graph theory 1s the graph color— 
iieeprootlem. Mas problem is to color each points of an arbi- 
trary graph using as few colors as possible and subject to 
Meanootscraints that all the points are colored with one and 
meeecde  cOlOr, and such that for any two points which have 
the same color, there is no connection between them. It is 


Velemcomering problem which is investigated in the thesis. 


Pe Steers OF GRAPH COLORING 

Pomc cCal maps ere Usually published so that adjoining 
countries are colored differently. Such a coloring is equi- 
Ti cmmremecleramin the po1ints of the grabh associated “ith tage 
map. Figure 2 is a map along with the associated graph and a 


ce Keneni al oar 





aie trestine conjecture is that only four colors are 
needed to color all the countries on any map. This is a 
famous unsolved problem which was first stated in 1850. 

A pmeactiecal problem is to schedule the final examina- 
tions for a university such that no student will be assigned 
pyre finals @uring the same period, and wats Chat Ene Vroral 
(nemeileGcavea for all the examinations is a minimum. The 
oO Melons COMeides each class examination to be a point of 
a graph. Let two examinations be connected if there is at 
Most Ome “StWdent Who will take both examimations; that is, 
tpietemtenmeontlicty between the two classes. Then assign 
Golers wee che clacse: Cxaminations so that if two classes con- 
Pieeermrime, are assigned different colors, and such that’ the 
mamierwe OF Colors used 1s a minimum. Translate the colors 
mee time periods and the schedule is written. 

A further example consists of airport control towers, 
which require radio frequencies in order to operate. Con- 
SlCer themweraph of airports. Two airports will be connected 
MmeGeteedis inotittelent Gistance between them to ensure 
MieameGeme Can De no mutual radio interference between them. 
Then the assignment of radio frequencies to airports can be 


COmetGewed aS a fweph coloring problem. 


Cc. OUMRINE OF THE THESIS 
Secvion LF Of This tiesis presents the intuitive meaning 
St thew omeemetehooh and “Graph Coloring,” and discusses 


the importance of the problem. 





oom ebeaeals with the fundamental concepts of graphs 
- precise definitions of graphs and some properties of them. 

Tye problem of coloring a graph is specified with more pre- 
Mmeoroneanad Certain basic definitions related to this problem 
fmewovaled. wOne of the methods for obtaining a coloring, 
namely the Welch-Powell [Ref.1], is discussed. 

Section III describes an algorithm which is proposed as 
Pe eeomemeny O©Ver presently knowme methods. On the average 
Titre tm Wil jroduce colorings of fewer colors than 
the Welch-Powell method described in Section II. 

Section IV is a summary of tests comparing this new 
algorithm to the Welch-Powell algorithm. 

section V details a class scheduling problem and offers 
G@emeans Of solving it with the use of thiS proposed 


see on a Nim. 





Pigure 1. A Graph 








Figure 2. A Map and the Associated Graph 





Il. FUNDAMENTAL CONCEPTS 


wee Ceminitvions whateh follow are basic to graph theory 
Pmemcommrise Lhe vocabulary for the graph coloring problem. 
Mey areressentially the definitions as stated by Busacker 
pide eaavy |Ref.2)}. 

fete) ancmiebpe=sevs. Let s ane@@t be elements of V. 
The elements s and t may be associated together by the 


symbol (s&t), called the unordered pair s and t. The unor- 


ec deeomemomaomder is equal to the unordered pair t and s 
(that is (s&t) = (t&s) ). The symbol (V&V) denotes the 

beer detoumerocuct Of set V with itself. By definition 

(V&V) is the set of all possible unordered pairs of the ele- 
ments of the set V. Let Tf be a mapping of set E into (V&V). 
Mimeercreesed graph is the-mathemavical system represented 
by the symbol (V,E,T). Set V is the set of vertices or nodes 
Tmtieetiepn. woos Is the set of edges of the graph. The 
teogpaie | 1S Called the incidence mapping of the graph. In 
some contexts there is no need to refer to the incidence 
mapping f explicitly. A graph will usually be denoted by 

G = (V,E,T), or by G = (V,E), when the incidence mapping 
remains implicit. If I(e) = (s&t) then the vertices s and t 
Jeemcumerd the end points of the edge e, s and t are said to 
Dew acueeecniunamcams aia t are incident to the edge e. If the 
set of edges of graph G is empty, then, and only then, the 


graph G@ is said to be degenerate. If the sets V and fr are 


118) 





Bee titee then the graph G is called a finite graph. 
tmeeiwrse 1b 1S Said to be infinite. A graph G is complete 
if any two nodes are adjacent. 

Peoedieer tow srapt ek Huclidean n—-Space is a set 


V = {v,} of points in Euclidean n-space and a set 


tJ 
1 


{e;} of simple curves satisfying the following conditions: 

inmivery closed curve ing contains precisely one point 
eee 

2. Every pen curve in E contains precisely two points 
of V and these agree with its end points. 

Se tome curves in EF have no common points except for 
pemnts of V. 

Ps eee Gent ClS a peOHlet vic graph in Wucli@ean 3-space® and 

illustrates the manner in which geometric graphs will be re- 

presented. By condition 3 above, the edges do not intersect 

except at end poimiba. “ile Inverprevationser Thewapearenr 

intersection of edges C5 and C3 is that they pass skew €o 


each other in the third dimension. 





ny ey ny 


Pigure 3. A Geometric Graph 


a). 





A graph is planar if it can be represented in Euclidean 
e-space. The graph of Figure 3 is planar as demonstrated in 


Figure 4, 





Figure 4. A Planar Graph 


Paiieorbant result of graph theory 1s thal every iidmave 
graph G = (V,E) has a geometric realization in Euclidean 
3-Sspace.- Ate wproot 1S by econsveruction. Select an arbteran, 
meeaeeno laine an 3-space and call it L. Then corresponding 
momen veiuex vv Of VY select a distinct point of L. For 
each edge (véw) of E select a distinct half plane in 3-space 
mutch i the boundary, and construct a simple curve on this 
eli plane joining the points of L which correspond to v & 
Wo tomtommetear that this construction satisfies the condi— 
Poe m—u@mea seOnetric graph. As a resulG of this all fainaive 
graphs can be represented as in Figure 3. 

Wemmow= (VlE,1) and G = (V’,E ,I ) be graphs. G is 
aeeUbeem Ol G if and only if the following conditions are 


Satisfied: 


le 





ie “'omemelbset Of Veaad E is a subset of E. 
Pemeiiwerwis vanvedge of He@ehen T(e) = [TCe). 
3. If e is an edge of E”~ and I(e) = (v&w), then v and 
w are nodes of V’. 
ine emedes nj, To Oe complete with the edges e, to eg form a 
Swoecragna of Pierre 3. 


A finite sequence €), €5,.-+-;€ of e€deesmof a graph is 


n 
DMece@cepnorreso0On If ethere exists an appropriate sequence 
Ot Werlmees Vo Vis°++sVy Such that e; corresponds to 
(v;_7&v;) for i=1,2,...,n. The edges are not necessarily 
Geet inet nd the wertices also are not necessarily distinct. 
ihe edge progression is said to be closed if vo : Vy, and 
Ggen Weer wa Seer Wr clesed edge paeogression having no re- 

Pe coOmecdacs isecalbled=a cimeuit progression. A cireuit is 
aay set of capes which, if properly ordered, form a circuit 
ae easton. =e a Peometbruce graph a cirevit forms a closed 
simple curve. An open edge progression having no repeated 
pee o toe cel leds Chain weeesression. A chain is a set of 
ecoes while, if preperly ordered, form a chain progression. 
Ip pa geometric granh, a chain is a set of edges which form 
an open simple Cimeve. A connected graph is a graph such 
that every pair of distinct vertices are joined by at least 
e- Char In-a feemetric graph, “there is at least one open 
Cueve betweensany two nodes of the graph. A tree is a 


eCormmecred eCrapn which has no circuits. 


1S 





feog@anaving set of ventices is a set W of vertices such 
Miepevery vVervex not in Wis adjacent to a vertex in W. 

A set of vertices such that no two vertices in the set 
Peemwecogaccnt is called am independen’ set of vertices. A 
fome ction Of Sewer is called & partition of the vertices of 
mae eraph if the union of all the independent sets equals 
Pa cebmet Verticesmand@the imbersecltioen of emy two of the 
independent sets is empty. A coloring of a finite graph is 
emoareruro?. Of Che vertices of the graph into independent 
(or oe we emolmnion a Sedemonstrated by” coloring the nodes of 
Pee orapn welt colors such that if Two nodes are in the same 
gndependent set then they will be assigned the same color. 

Let n be the number of independent sets in some coloring 
of a graph. If n is less than or equal to the number of 
independent sets in any coloring of the graph then n is the 
caromweau Co mumecr Of The graph. In other words, the chromatic 
Dimaber Of a@ Braph 1S the minimum number of colors that are 
necessary Lomeelor the graph. 

Per cemeain elasses of grapns, the chromatic number and 
Oe aaeocitaved partition are known. In particular, the chro- 
matic number SGerrces 1S 2. las wilt be demonstrated” larer. 
The 4-color problem is the conjecture that the chromatic 
number of planar graphs is 4. Figure 5 represents a planar 
Prapniewith chromatic number 4 sovthat it is obvious that 4 
colors are necessary. However, no planar graph is known 
for which 4 colors are not sufficient. Notice that specific 


planar graphs may have a chromatic number less than 4. 
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YELLOW —_ 


GREEN BLUE 


Bigure 5. A Planar Graph with Chromatic Number 4 


For more general graphs there are some basic results 
concerning the chromatic number. The first of these is 
more S Mieerenm which specifies that a graph is bi-chromatis 
memend One if if COlGains no Circuits of uneven length. A 
emerch Of ene proof follows: 

i Gloom an arbitrary. vervtex y bilue. 

aa ero verrex Kis colored bilue then color all vempices 

egyacent to x red; and if x is colored red then color 

aimwadjacent vertices blue. 
Mimoeome Nede X is colored DOphm red tengaolue, then node x and 
Wem oirary Mode y are on a circuit of uneven length. If 
Meee eraon as bi-chromatic, affa it contains a circuit of odd 
wemiern, tCmenm coloring the nodes of this circuit with alter- 
Mating colors forces coloring one of these nodes with both 
Comors. 

Menio™s Wreorem is suffecienw’ to preéve Real uae s are bi- 
Gene@arace., Since trees have no circuits, they have no 


Peeecuers oO. uneven length. 


1 





There are some known bounds of the chromatic number of 
meee rary  srapns. The chromatic number is certainly less 
maemeOor equal to the number of — Sin@e a trivial parti- 
fron could be S(i) = {n(i)}, where n(i) is the i'th node. 

A somewhat better upper bound is one more than the de- 
ieeema Of the node of largest degree. This is intuitively 
clear since no node is sent Her mere than d othem nodes. 

ayer SUPE tor eupeer bDOuUnd as available. The bound is 
Compuwbed by the folllowane procedure: 

ik Order the Racine their degree such that 

ane) aed (i 1). 
eee Comouve (forvrall i) the»value of 
Stam = Mi(i yati)+1). 
3. The upper bound is the maximum S(i). 
Mees VOUNG 1S NOt AnvuUitiswely obvious. It may be thougnt 


Yan when 


of as a "kind of intersection of two sequences,' 
mie seduemces are these: 
1. The sequence of the integers from 1 to n, where n is 
the number of nodes of the graph. 
2. aekhe beatae Of SViewGeticees Ore the nodes plus one 
frem the largest degree to the smallest. 
For the nodes of largest degree (which are indexed lowest) 
the value MIN(i,d(i)t+t1l) = i. For the nodes of smallest 
degree the value of the MIN function is Gea. For a node 


indexed approximately n/2 and the succeeding node, the MIN 


humeG2On wili step from the value of the index of the node 
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moemmdewGaeeree Of the node plus -one; and there is an upper 
meunason the chromatic number given at this "intersection." 

An obvious lower bound to the chromatic number is 1 if 
there are no edges and 2 otherwise. Konig's theorem implies 
meaner DOUNnG Of 3 if there 1s a circuit of uneven length. 

The chromatic number is at least as large as the number 
of nodes in the largest complete subgraph of the graph. 
Clearly, a complete graph of n nodes requires n colors since 
any two nodes are adjacent. Moreover, by Brooks's Theorem 
[Ref.3], the chromatic number of a graph can not be less 
moan the chromatic number of any subgraph. 

Given any two positive integers dad and c with d greater 
than c: then House [Ref.4] has constructed a graph, such that 
the chromatic number of the graph is da and the size of the 
Maeeeste complete subgraph is c. 

One of the most straightforward methods known to color 
a graph is the Welch-Powell method. 

The nodes of the graph are reindexed by the degree of 
the nodes. (The node of largest degree is assigned the 
lowest index.) Assign to Color(1) the first node. For all 
nodes v from index 2 to the last node, assign the node to 
Coler(l) if it is not adjacent to any node already assigned 
Corer (l). 

Het set A be the set of all uncolored nodes. Let n be 
miemidisy moae of A. Assign n to the next available color. 
mor all the remaining nodes in A, assign the node to this 


Smpeu ti 2b has not already been colored, and if it is not 


ate 





pemrercenb LO any node assigned to this color. Let set A be 
miemset Of al) remaining uncolored nodes, and continue this 
mrocess until set A is empty. 

Meprcention the decisaon of whaich color to assign to a 
neee is Uncomplicated in this algorithm. Specifically, the 
Me@eratnherits the first color such that the node is not 
adjacent to some other node which already has that color. 

This algorithm is very fast and usually produces good 


results. 


PTE SAbGORITHM MO. OBTAIN A COLORING 


Memo oooced a POritam is presented in this chapter in 
fremoares, Fart 1 is a general overview of the entire pro- 
Peoure Waitn the intent of demonstrating the logic flow and 
purpose of the steps of the procedure. Part e is a detailed 
leweprtorroneor une alporithm. It is listed in a step by step 
homGer ana tne reader could easily draw up a flowchart of the 
method from ove deSCrroe rons 

Peecmmost, Dasic goal of the algorithm is to determine a 
fewer Cound on the chromatic number by detecting a complete 
Suberaph Of the given graph. The nodes which are vertices 
Memeo sueetranl are assigned distinct colors during this 
Comeucauemon., and corresponding to each color, node sets are 
created. The result of this is displayed in Figure 6. The 


Pete mommricecOolLOors are 1,2,3,5...,kK, where k is the size oi 
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Pmeeioveoeomauberaon of the given graph. Hence k represents 
emrower bound on the chromatic number. Associated with each 
color i are three sets, COLOR(1), Piven). andmito TRC ).. 
Weeen( 1) is the set of nodés assigned the i'th color. Ini- 
tially the only node assigned to COLOR(i) is the i'th node 
determined to be in the computed complete subgraph. LISTL(i) 
45 a set of nodes; each wae iis Cie preopecmry that 10 1s 
adjacent to at least one node in each COLOR(j) for all colors 
j which are less than i. LISTR(i) is a set of nodes such that 
each node has the ee oe that it is adjacent to at least 
eme mode in Gach COLOR(j) for all colors j which are greater 
than i (ard less than or equal to k). [Figure6 ]. Node 5 is 
Peewonedsto eelor 1. node 10 is aSsigned to color 2, and 

node 20 is assigned to color k. Node 2 is assigned to 
LISTL(2). This implies that node 2 is adjacent to node 5. 
Hees 15 aqjyacents to nodes 5 and 10. Node 5 is adjacent to 
Mme oy 20, and all the nodes assigned colors from 2 to 

k-1. Node 8 is assigned to LISTR(1). This implies that 

node 8 is adjacent to nodes 10,15,...,20. Node 7 is adja- 

SC ltiuommodes '5....,2c0. Notice that nodes assigned to 
niet jana LISTR(i) are not adjacent to the nodes assigned 
to COLOR(i). The nodes assigned to the sets COLOR(i) initial- 
Pv etommetne complete subgraph which is computed. Assuming 
maiae MO Changes are made To already colored nodes, observe 
that the nodes in LISTL (4) can not be given color values 
Pemteogae).. oimilarly, the nodes in LiSTR(i) can rot be 


meme Couor Values greater than i. 


ey, 








Figure 6. Basic Tableau of the Proposed Algorithm 


On the assumption that a coloring of k colors is pos- 
sible, one concludes that node 8 must be assigned color 1, 
and node 3 must be assigned color 3. Therefore Node 8 is 
removed from LISTL(1) and is assigned to COLOR(1). Node 3 
is removed from LISTL(3) and assigned to COLOR(3). 

For the purpose of demonstration, assume that nodes le 
fume pacent. “Miensatver node 3 15 assigned to 
COLOR(3), the membership of node 12 in LISTR(3) is no longer 
Woe, Since a node belonm@s to LISTR(i) if it is not adja- 
cent to any node in COLOR(i) but is adjacent to at least one 
node in each COLOR(3) for j = itl to k. Therefore node l2 is 
removed from LISTR(3) and placed in another LISTR(j) where j 
Petes. linus, 11 node le 1s not adjacent to node 10, 
feovoliemsoe placed in LISTR(Z2). If it is adjacent to node 
MOnmermemeit would be tested for LISTR(1). 

Assume that node le is adjacent to node 10 and is there- 


fore placed in LISTR(1). Then since node 12 is in both 
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Peo my wand GiSTR(1) it must be assigned to COLOR(1). 
ims 15 accomplished and the process continues. 

meeaee sone peint two nodes must both be assigned to 
COLOR(i), and the two nodes are adjacent, then it is not pos- 
Sible to color these nodes subject to the restriction of k 
Peot@se COnsequenely, am additional color is allocated, and 
one of the two nodes assigned to it. In Figure 7, nodes 4 
and 5 must both be assigned to COLOR(3), and node 4 is 
adjacent to node 5. Hence, a new color (k+l) is allocated, 
and node 5 assigned to it. 

aes wiels a case, it is possible to recompute the upper 
bound (LISTR) for the uncolored nodes. Thus, node 6 which is 
assigned to LISTR(2) is not adjacent to node 5, and therefore 
belongs to LISTR(k+1). Therefore, following the allocation 
of a new color, the sets (LISTR) are recomputed for all the 
iMmcon@red, Odes. Notice tehatethere 1s no effect on the 


liner pemnd (GEST) of the nodés. 
COLOR 
aS a1, 


LISTR 





Hewes (/. Tableau Requiring a New Coior 


alk 





ioe; OCCUse Chal am e@mefciven step there iseno node 
wach is forced to be colored due to membership in both 
meri 4) and LISTR( i). «elie Tt hiss Agere a node is arbitrarily 
colored and the process of adjusting the sets(LISTL and 
LISTR) continues. The node which is arbitrarily colored is 
the first node of the first non-empty LISTL. 

Since each time a node fe assigned a color i it is de- 
leted from the set LISTL(i), a sufficient condition for com- 
pletion of thescoloring process is that LISTL(1i) be empty for 
ens, .. «pietewhere " is the number of colors used). 

In the more comprehensive description below, the general 
purposes of the 8 steps are: 

Step 1. Weaitaalize the algorithm. 

step 2. Compute a lower bound on the chromatic number, 
ead torm the sets COLOR(i) wand LISTL(i) for each 
GelorsOoietnets lower bound. 

Sep 3. “Form the sets UlotRt:) for each color. 

step 4  Coelier the nodes which are limited to only one 
peootb Le color. 

sbep 5. Test — the need of allocating a new color, 
and if needed, perform the functions of allocat- 
iio ft ~isomentinewGne Lirst node towmat, and 
adjusting the sets LISTR. 

Step 6. Perform the necessary arbitrary assignments of 


GCOVors . 


Les 





Dbvep 7{. 


Seep 6. 


Reassie¢n mee@es of BlSPR(i) to other LISTR 
SlljMemes af the wniodes are adjacent to the 
latest node assigned to COLOR(i). 

Reassign nodes of LISTL(i) to other LISTL 
Steins Mt Cem odes are aa);acent to rune 


latest node assigned to COLOR(i). 


These steps require house-keeping operations in order 


to maintain control of the process. Therefore in the fol- 


lowing paragraphs a detailed step by step description of the 


algorithm is given. 


peep 1. 


wie ec. 


step 2a. 


DUeCOrcuL 


Order the nodes of the graph such that node n 
Ppmecedesuneceumuat thesdesgree sof mode nais 
Geeawelr una Or Cdual to the degree of node m. 
itsmOrderintas a rezndexine of the nodes. 
Compute a lower bound on the chromatic number 
Cheenemeigeommestnis lower bound 15 equal to 
Waemomsze Of VSeme complete subgraph of the 
Gian. dais wis done as follows: 

pet k = 1. The integer k will soon represent 
Ene ceomeuvecad lower bound, amd will eventually 
Bem rnc numer of colors’ used in partvivronine 
PoMVveTriviLCces 

Pom DCR UMemsey Or enodes Of the eraph. Somice 
the nodes in V have been well-ordered by the 
index operation of Step 1, a smallest mode V5 


Pe ctsuwnetact this is thewnede om darcest 
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otep 


otep 


step 


otep 


Step 


otep 


otep 


step 


Step 


otep 


ec. 


ed 


ce, 


ela 


aseh 
elaks 


ae 


ek. 


2 les 


degree). Select this node and assign it 
COMOR(s).. 

Let V7 = V ~ {vy}. 

How seth Liste Mbekseset «is defined tombe 
the set of all nodes w from V”~ such that node 
Vy is not adjacent to w. 

Set A = V° - LISTL(1). 

If A = @ then the graph is degenerate since the 
node of largest degree has degree 0. In the 
evVicnn, tne yeas heisSMNOumdesenecratesehen the 
chromatic number is at least 2. Any node in 
set A along with node a form a complete sub- 
graph of size 2. Consequently, the value of k 
will be incremented to 2, and some node of A 
wilk be assigned COLOR(2). This is done in the 
following steps. 

Increment k by l. 


select the node with the smallest Indes aheo 


ier oh) and @assmen 1 eCOnOnGe). 


A= A - {n}. 

Form set LISTL(k). This set is defined to be 
une sel. Of small eiedeswiiel TOleAwsucheEhat node n 
1s not adjacent to w. 

Set A = A - LISTL(k). 

Is set A = 9? If not then any node in set A is 
adjacent to all the nodes which have been as- 


Signed colors and therefore along with those 
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step 3. 


Seep 3a. 


Step 3b. 


Sem C. 


iemes T1Ormaea complete subgraph. Pmerefore go 
vo Sage Oe VOLCcComuUnmue tiie Computation of the 
lower bound. If set A’ YS’ empty, then all the 
nodes of the graph have either been colored, 

or assigned to some LISTL(i). Considering the 
nodes which have been assigned to LISTL(i), it 
ive: OMe COnseruclI Om cma The mintmum 
Veesne@ or stne=cColOrewhicawnay oe assiened te 
them is i. This follows because any node in 
Meth (i) compiatets "with nodes assigned to 
COLOR(i) through COLOR(i-1). 

Having found a maximum bound on the chromatic 
number, and minimum bounds of the possible 
Corer sO fare her eove nore umeolermed nodes, the 
nexy step We to Ccempe@te wupw@er oounds on all the 
UNnCemered Nodes under thew acacumpeton that ene 
Mi namum DOW as in fact the chromatic number. 
hevewrsets learner rmer ce liauncefored “Hodes . 

Let kp = k. The integer kp will represent a 
counter@which will ramee Prem k to 2. 

Set LISTR(kp) equal to the set of all nodes of 
A which are not adjacent to the nodes of 

G@@ELOR( kp). That is, if node Weis in A, and for 
all nodes n in -COLOR(kp), w and n are not inci- 
dent, then ae on We tO. LDlotRi@ge. sin adda tion, 


\ 


assign the value kp-1 to array element DOWN (1). 
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Sep 3d. 


step 3e. 


Step 3f. 


Step 4. 


Step 4a. 


Step 4b. 


ine spuUrpose of Chism@is for a@gjusmm@ent of the 
set LISTR at a later stage of the method. 

A == LISTR@cp). The wet COLOR(kp) has the 
property that for any node w in A, there 

exists some mode n im COLOR(kp) such that w 

and n are adjacent. 

kp = kp - l. 

Is kp = 0? If kp # 0, then there remain sets 
LISTR(i), where a is between 1 and kp which are 
Mei Oe) Cua peateolalivesiormed. <aGer to Stiepesics 
iim@kp ws Zero wacn alll medes which are not 
colored have been assigned to LISTR(i) for some 
i. we valmae of 1 represents an upper bownd 

on the possible color of the node. 

Still operating under the assumption that 
vnCwmloWwerebemmd which has been computed iS in 
fect the chrematic number, the algorithm. con- 
tmuves bye lOcekiMegenedes waich are not colored; 
Dat wwhich have=fower bounds on the possible 
color equal to the upper bounds on the possible 
comor. Cleary , in tire case. the necesscary 
color to assign to these nodes has been 
G@evermined. 

SC tiekpe-= lee pale beeomeounterawhachuwidel 
vary from Peto. 

Set A= themaintersectionsof LESTL Gg) with 


LISTR(kp). 
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Step 4c. 


Step 4d. 


Sie 
SGeDp 


Step 


step 


Swe) 


SoeD 


Vie 


Up 


Hh, 


Wi. 


If A = @ then no node must necessarily be as- 
signed color kp. Go to Step 4d which will 
increment kp and search for nodes which must be 
colored at the next higher color. If A # @, 
then at least one node is both lower and upper 
lingredh by ehtsmecolor. “~GoStroeStep 4g, which 
will color the node, and accomplish some 
acesunting. 

Is kp = k? If so, then all the colors have been 


searched for@seme node to color, and nonewnas 


been found. The next step will be to arbi- 


trarily color a node, if more nodes remain to be 
col@med. Go to Step 6. If kp ¥ k, then go to 
step He. 

koe kp or oles 

Go to Step 4b. 

Select thee nede with the smallest index of the 


set A. (Call this node n.) 


Assign n to COLOR(k1). 


Sinee n has been colored, drop it from the set 
Lieeickp ) .. (Cia (cise reel) o= See LG laommea ns {rappoe 
Since a new node has been assigned to COLOR(kp), 
iGe=as very possiple Chav there exists some node 
in LISTL(kp) which is adjacent to n. Consequent- 
ly steps must be taken to ensure that LISTL(kp) 


is independent of COLOR(kp). Let set B be the 


a 





Step 4k. 


Sinep. 5. 


Step. San 


Spep 5D. 


SUE e oC. 


Sbep 5d. 


step 5e. 


seu of all m@vodes in LISTL(kp) whiaseh are 
adjacent COMiocde en’. 

Is set B empty? If so then LSTL(kp) is 
independent of COLOR(kp). Go to Step 7. If 
B iS not empty sehen the lowem bound on the 
possible color of all the nodes in B will have 
to be Wiccan GO" TOmorep >. 

This step considers all the nodes in set B 

and deletes them from LISTL(kp), assigning 
Over ere = higher Lastiwor pessably assaenanzs 
Thieme a color. 

select the node with the smallest index of 

seG B. Call it w. 

Is w an element of LISTR(kp)? If so, then the 
Sivuavilon arises am which bovm node n and 

node w must be assigned to COLOR(kp) and they 
are adjacent. This means that a new color 
mus tmebemallocatetes andmene Of these tywomnodes 
agsmepned CO iv. Go to Step Se. On the other 
hand, if w is not an element of LISTR(kp), 
piehiwd Gate Oly We Cecsary = VO (ad (ls Gl ie slower 
bound for the color of node w. Go 1B Step 8. 
eo= k + vile 

Assign node w to COLOR(k). Delete node w 

from set B, and from the set LISTL(kp). 

Ate tnls DOmiingeSINnce & NeWweemer hascebesn 


allocated, and the new color has the highest 
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Seep 5el. 


Siren 5ec. 


meen 5e3. 


Step 6. 


Demeric valiew ac 1S possible that the upper 
bounds of some of the uncolored nodes may be 
changed. Sspoeatiacally, if node v is) not 
colored, and node v is not adjacent to node 

w, then the wpper Dound on the possible color 
Ofer 1s ie =Seremcr = Ty, 

Hewes WiMaedesems, i LlolR(mkr);, if s is not 
adjacent to node w, then do the following. 
Assign s to LISTR(k), and delete it from 
LISTR(mkr). Set DOWN(s) = mkr. DOWN is an 
arrayawhiecn Speciides thas if s will bavestic 
be removed from LISTR(k), then the next low- 
est LISTR into which node s may possibly be 
plaCcedr ish. =sSince Mirwdecnonstraves that s 
is adjacent to some node in each of the COLOR 
Ssevsetrom=mkr +e tode=— |. 

mbes mee ~+ ie 

Iis°mkr = k? If so, then all the LISTR have 
DecnweenUStTea=forechce ItpeocUueculonwol this new 
eotor. “Gortomstepetie Ifenot Sthene@eco to 
step 5el. 

In the event that there are no nodes which have 
the property (at this state of the coloring) 
that they must be colored, then some node must 
be selected and colored independently of the 
itermciazenavure.,of the sabeoritamnus Thesemmodes 


ver De arbitrarily colored are selected by the 


ad 





Step 6a. 


Step 6b. 


Step oc. 


Step 6d. 


Step 6e. 


Beep 7. 


otep 7a. 


otvep /b. 


PecisiOM rule tae EMe Ptirslemode 7or aune 

first non-empty LISTL is used. 

»et index counter kp = 1. 

iseLiSTGE kp) jee? t isemet, themithe node 
of greatest degree in LISTL(kp) will be — 
signed the color kp. Go to Step 6e. Other- 
wise scan the remaining sets LISTL for some 
Unig@tored neder 

Is kp = k? If so, then there is no uncolored 
node, and this means a solution has been 
femmd. GO Lo Step 9. ii ko is: tess them k, 
then there remain more sets LISTL to consider. 
kp = kp + 1. ‘Then go to Step 6b. 

Select the first node of LISTL(kp) and call it 
ve Go to Step 4h to asemten this node to 
COLOR(kp). 

The purpose of this step is to adjust the set 
LISTR(kp), following the assignment of node n 
to COLOR(kp). The method is to locate all 

the nodes in LISTR(kp) which are adjacent to 
node nnd thew@relocatesrnem to anovner serv 
Of EE. 

Let the set B equal the set of all nodes in 
LISTR( kp) which are adjacent to node n. 

Is set B = @? If it is, then there is no ad- 
justment to be made so go to Step 4. Other- 
witse, for all the nodes w in Se@@eB, periome 


tne Lollewanme procedure. 
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Srep /c. Set index counter j = DOWN(w) = the next 
lowest. possible color to which node w may be 
assigned. From SRegmEINE work it is known 
That node w is adjacent to some node in each 
of the sets COLOR(i) for i from DOWN(w) + 1 
ee). Gele 

meco / a. Is node w AGHA CO MOGde wii sors Olle shim 
COLOR(j)? If so then decrease j by 1 and con- 
tinue this step. (That 1258) = j= 12 VGouto 
Step 7a.) 

Step 7e. Node w is not adjacent to any node in COLOR(j), 
and this i8 The “Gua teAavionesvo belone te 
LISTR(j). Assign node w to LISTR(j), delete w 
from set B, and Goero wares 9/5. 

Step 8. The purpose of this step is to adjust the sets 
LISTL. Node w is adjacent to some node in 
COLOR(kp), and hence node w must be relocated 
to some new set LISTING iiere 1 1s between 
Kon ft | aid ale, 

Step 8a. Set index COUNtTEr j= eee. 

Step 8b. Is node w adjacent to node n for some n in 
COLOR( J)? If so, them anerement | by 2 end 
Gon LO™ ob eommorn 

Step 8c. Node w is not adjacent to any node in COLOR(j). 
ies. 1S the Quakiticapvone ro. bolkom FO 


LISTL(j)). <ASSwen vieodes forll sti) gate 


Syl 





w from LISTL(kp), delete w from set B, and 
Semto Stepmniia 


mLep 9. The end of The vabsseresiiamn. 


IV. TEST COMPARISONS BETWEEN THE PROPOSED ALGORITHM AND 


THE WELCH-POWELL ALGORITHM 


Since this proposed method does not guarantee a solution 
Pow ene chrematic number, Its value musteee i vwaced in ecom- 
parison to other methods. Since the Welch-Powell algorithm 
is the most well-known, it was used as a ayseavelen tere 
ese Craens were gerierated as =oltews:  Pwornodes Wwere 
adjacent if a generated random number was less than a specified 
factor FR which represents a probability. 51x sets of 100 
Braphs were generated. Table I Summarizes the data about 
Meee weraons, and 1t presents tne=disuripucion of differences 
between the number of colors used by the Welch-Powell 
eapeerrilim and the number of colors used by the proposed 
algorithm. 
Mhree general conclusions can be reached from this data: 
Peenset al arbitrary random eraehwevoe » eeeao. [tes 
approximately 65% that the new algorithm will pro- 
G@uece a DeELLEr resulvy tian the Were ' oye 
ee OT ean . 

eo. The average difference in colors increases as the 


number of nodes increases. 


int 





3. The average difference in colors increases as the 
Mieewabtlity Of CONFIG) picreases . 

D.C. Wood [Ref.5] published an algorithm in 1969. Wood 
arranged his test data in the form of results which were bet- 
ter, equal, or worse than the Welch~-Powell results. Table Il 
presents the summary of Table I and Wood's results in a 
Bemeise form. 

A test Was comducted of fifty sraphis of vwenty nodes. 
The probability of conflict was incremented from .30 to .80. 
mee resultoeare presented in Paeie [ll and tend to substan-— 
tTiate the conclusion that smaller graphs are Meer or inaeeny 
eGualiy colored by the methods. 

Finally, an additional fitety eraphs were fsemerated and 
time comparisons of the new method and the Welch-Powell 
method were made. The graphs ranged from 40 to 90 nodes 
with the probability of conflict from .20 to .70. These 
Results are tabulated in Table IV. The VLimes are measured 
in seconds and RATIO is the quotient of the time required 
by the new algorithm to the time required by the Welch- 
Powell algorithm. In general, the time required by the new 
fuecetemian 1nereases directly as Chesprebabality of contiver 


and the number of nodes increases. 
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NODES FR i || ee Op ce 1 eT 
50 125 : (Sie Ere a Se 
50 1 ‘2 18 75 Wee 5 = 18e 
715 1] 38°25 36 Mae 58 Gl =486 
100 .25 i 19) eee 2 - , 86 
.50 1/129 26" 32s 66 =a '8 
Pas 2 QO (eo Somme tyre =1..15 
Table Il. 
NODES FR BETTER SAME WORSE 
NEW WOODS NEW WOODS NEW WOODS 
50 25. i 8 43 66 8 26 
50. "> 30 20 52 5 18 
.75 65 48 26 31 9 21 
100 255) ter 7 Seo Te 
250) wl. 13 23 50 6 33% 
[me a 72 16 20 12 8 
Table Il. 
NODES FR W_P - NEW 
—_  . <2 cL On. 7 ne 
20 eter ee 9 T 
BS Ne) 5 ve 
.5-.59 2 i, 1 
.6-.69 1 3 6 
.7-.79 3 4 
Table III. 
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WELCH~POWELL PROPOSED 


# NODES COLOR COLOR WP TIME NEW TIME RATIO 
HO 8 fi peu .68 Peis 
HO 9 8 7 35 Ie (Sal 2.89 
4Q 10 9 5 eal 1.09 3.52 
HO 12 ak = ia? es 
HO 15 13 . 38 iL 2s) 3.39 
50 8 7 .28 S92 Bee 
50 10 10 33 1, uly Wous 
50 12 11 ay lige 2a LC 
50 ae 14 J45 age We He alll 
50 LG 15 48 2 ie: ae 
60 9 9 .39 1.62 Weis 
60 Le 11 45 asi 4.18 
60 14 14 .50 2.5 5.00 
60 16 15 55 2 02! 5.49 
60 19 18 ~65 3.93 6.05 
70 10 10 ny Pe Oe ae) 
70 13 qa 56 2G 3.86 
70 14 13 worl Pagel Heel 
70 ay 19 69 dre Ono 7 
a 22 2 nou 5.88 HONS 
80 ala at .59 2.96 5.02 
80 14 18 oy ae WS 
80 ey 15 ae 4.16 5.78 
80 Pit 19 oil 5.83 6.41 
80 23 ou no7 eel 8.46 
fae M 3 cts . 96 2D 
70 6 5 U6 .96 2.09 
70 8 8 48 Vee: 3.85 
rae 12 11 nee 2a ae 
70 any 7 By) 4, 83 eum 
if 4 3 HOO oy BP ENS, 
15 6 6 oy, ilar 8 2.98 
75 10 8 Peal 2.0 Be 
75 Tl ill .58 a ak 5. 36 
75 18 16 go! 4,66 6.96 
80 y 2 JAS nou Ze 
80 1 ff ~43 1.98 4.60 
80 9 8 . 87 2 ME 2.48 
80 eal 12 .59 3.62 6.14 
80 19 18 rove 7d! 7.68 
85 Te Ht wl P06 pe lal 
85 7 6 .95 59 le iy 
85 9 9 58 as Hee 
85 ale al . 80 32.51 Is exe 
85 27 19 as 79 On 
90 9 9 eer 1.68 312 
90 i if nD) Aes S00 / 
90 10 9 .63 Dare 442 
90 aye 12 He 4.06 5.64 
90 2a 27, 100 S20 8. 4y 

Table IV. 
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V. THE SCHEDULING PROBLEM 


Let C be a set of classes offered during any academic 
period at some institution. In anticipation of course de- 
mands, many of the classes may be the same course. A seg- 
Mem~eers- a class which wemdmsuimemi shed fromeall the otmer 
Meetoses Of Une Same course. 

Been Clliss in C reduarececimemdurine thespecriod Of (one 
Vee. At honour Cidse Will redUimee NalemeMic DerLods )per 
week. Furthermore, it will be assumed that no two of the 
Der lods Wl be On vie esate day een aoe eiates wall req 
guire h 1-hour periods to be consecutive on the same day 
uniess h is larger than 3, in whaien case the h-lab class 
will require (h/2) consecutive periods on two days. For 
example, a 3-hour class requires three 11-hour periods per 
week with each period on different days. A 3-lab class re- 
quires one day with three consecutive li-hour periods. A 
4-lab class requires two days with each day to have two 
consecutive l-hour Dermigce 

iiemnine requilrentemus for each class can be Speer raed 
as a pair (n,h). A class which is both an n-hour class and 
a h-lab class may be treated as two classes - an n-hour class 
and a h-lab class. 

het S. be the Sev Cf siueemes ane Ino lrue ors. Nooo r at — 
ed with each person s in 5S is a subset of 


CeCe = (e215 in elasemenres = iMate pecaen el oOris) ma 


36 





pmeece In Some vof the classes. iC is assumed that all the 
instructors and students have been properly assigned to 
specific segments of the classes. 

Let e{1),c(2),...,e(n) be the set of segments associated 
with any person. Then it is clear that no two of these 
Sepmenvts May convene simulvaneousiy. The Scheduling Problem 
is the problem of assigning time periods to the segments of 
Cy sueh that: 

1. All class segments must be assigned to time periods 
which occur within a specified limits. For the test 
data the maximum number of available days per week 
was 5 and each day was limited to 9 periods. 

2. The time renwirements for the classes are satisfied. 

2yeeit S is a person with cleecmoecemencs c(l) and cGZy. 
then ec(1) and e(2) can not be scheduled at the same 
came 

The scheduling problem can be further stipulated to sat- 
isfy additional constraints or requirements. Examples of 
Sone On the possible additional requirements may be: 

1. That the hour assigned to each segment remains the 
same for each day. That is, a 3-hour class assigned 
to Monday, Wednesday, and Friday must convene at 
the same time each of these days. 

en Vale ee may attend more than three consecutive 


Aours ot class= in ony waa) 


t 4) 


3. At least one half-day period be unassigned 


jy ananh 
—_ « — we we t 


person. 


ou 





rie Commimterw Craph of wme-schedule is a graph whose 
HWedes Geeevme SePMenNLS andmimese Gadees are computed as fol- 
lows: For any person s and for any pair of segments c(1) 
and c(2) which are taken or taught by s, c(1) and c(2) are 
adjacent. Thus the conflict graph is the graph whose edges 
mejemeceliu COMNtliactsS DetWoomeeic so eemcnts. 

tie problem Of aSswemaempemods FO uhe Sesmenvs as seen 
to be equivalent to the problem of assigning colors to the 
mages Greene eCOntrlict Siapii, weble escnecdilame problem ais 
Solvaowke DY aSSHeanine peruedsmlos themetasses and distrabuc— 
ing the periods over the days of the week and the hours of 
Une day in accoradamece with) the wermemgements of The classes: 
msn bme  COlOrS Of CHE VCemimei CEN Vee bem tions Laved) amico 
two-component vectors of the form (day, time). Additional- 
me, aselmany VECtors as. the reque remenmts of the classes 
dictate, will be assigned. For an example, a 3-hour class 
will receive three colors identified as (day(1),time(1)), 
(day(2),time(2)), and (day(3),time(3)), where day(1), day(2), 
and day(3) are pairwise unequal. 

Rh solution was attempued to the scheduling problem 
with the additional requirement that each class convene at 
the same hour each day. In the above example, time(l) = 
times) = time(3). 

The method used is illustrated in Figure 8. The first 
step is to “sehedule the lab classes by coloring them by the 


MMMOCGeniod "Colones procedure. Next, Thescmcouoremiere 
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LAB 
CLASSES 


INITIALIZE COLORS 
Win Sener DUEL 
DAY 





COLOR BEE Tali eENG 
i-—hour Clescisy iN 
9 HOURS ON i-days 







ieee |, 
i-hour 
CLAS eino 
» CHEDULED 


NO 






YES 






Se det ORaelk 
NABLE TO 
SCHEDULE 


ea-ak 
fa = 1 —- TSN 
NO 





Figure 8. Basic Flowchart of Scheduling Problem Solution 


Spe) 








GreamsiOorwed into appropriate pairs which represent the 
weekly schedule of these lab classes. The purpose of 
scheduling the lab classes in ene manner is that: 

1. Due to the consecutive time requirements, a lab 
must satisfy the most demanding conditions. Rather 
tnan making numerous modifications to the basic 
ecolorinpwalcormerham it was felt that special treat- 
ment be awarded to the labs. 

2. In the event that the additional requirement of at 
least one half-day period be Unscheduled tor each 
student, then that period could be considered as a 
Imad of 5-hours consecutive duration. Thus this 
cume could beseenbrolmled Driers yotapplacationsot 
thee coloring Mmeviaod. 

NWexe therwbs-hour classes aresscheduted. Giiinese cilasises 
present the most demanding hour requirements after the labs. 
The reascn is that each of these classes must be schedulea 
@a@ cach of the five available days. 2f the algorithm for 
coloring the conflict graph were to operate on all the 
classes at once, then EPiewoOcctbalaty Of two and three 
hour classes pre-empting the time the 5-hour classes require, 
would render a schedule unacceptable. 

In- erder to color the Sehour classes, the aleorithm is 
SuSDL Lea With an Anitial@eseeenmenumot colors, Thre *amitial 
essacnmenteoet colors is the schedule which has already been 
determined for the day or the week which is identified bv 


DAY and is the schedule of lab classes for DAY = 1 (in this 
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case). The 5-hour classes must be scheduled on this day 
muiese CU vO tne Schedule whachemas already been determined. 

The coloring algorithm is further modified to verify 
Meoea Class can be scheduteuyomyene required number of days 
before it is colored. The class is then assigned to the cor- 
Peaceomumeer Of days Of Cheney ne uime which as darectyly 
fiepeesewted by the color, Qintlheeevenumcray 2 SUPP ECiony 
Mmumieer Of days at that time as Wmereavallableo. the aleerithm 
iarkKS une Cime aS not DOSsibie. fella adjust cmence DOsScibile 
times LISTL and LISTR in the algorithm). In essence then, 
the algorithm 1S modified Co wWwperace an cae, following way: 
ire alleori thm accepts an inteaatcolormimec whi ci 2s thessche— 
Gdule of the weekday labeled DAY. The method then proceeds 
Meommaety except that. Prior TOMdnywe bes ew etertine scheduled. 
@a scan is made of all days to verify the required number 
of hours for the class. If the hour requirement can not be 
Pecistied, then the algorithm treats the situavrion as a 
COnflict at that hour and the assignment is not made. If 
the hour requirement can be satisfied, the class is assigned 
WomwUAY and the requisite additional days. 

After the 5-hour classes are scheduled, the 4-hour 
classes are scheduled. Again the algorithm is supplied 
Wrhe an initial colorin@ which revrecenuswunc scaceml eo vol 
the first day. This schedule includes the labs and the 
B-hour classes. The algorithm operavcsein tme Same manner 


as (desceribed for the 5S=hourmreclasses. However if some 
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classes remain unscheduled, the value of DAY is in- 
cremented by one and then represents the second day of the 
week. Some 4-hour classes may not have been able to be 
sehneduled on Monday but can be scheduled on Tees The 
algorithm is supplied with the schedule of the second day 
and the remaining 4-hour classes are scheduled. The ad- 
Veecvase of this is that at “some particular hour of day one, 
the only conflict with a particular 4-hour class may be a 
lab class. Then for the subsequent days, that is, days two 
Pemeouch Lave, there 18 no coniivcr Sond chas second bass 
immcoucn the aleorithm will seed mee riitesetaacc “20 Ciale wame- 

Following the 4-hour classes, the 3-hour classes are 
treated in the same manner. Also, those 3-nour ciasseées 
unscheduled on day one are scheduled on day two, and in the 
event that classes remain unscheduled, they are scheduled on 
day three. Notice ‘einer Gays  viecere= CU Ve “Aaieen Stamler 
mero iecient to schedule the 34-hour cl22ces- 

This same process continues until all the classes have 
been scheduled. 

In the unfortunate event that ‘a class can not be placed 
in the schedule due to conflicts with previously scheduled 
eillasses, it iS reported as imscnedmie 

The algorithm was developed and tested on the class 
data of two of the quarters of the Naval Postgraduate 
Senool. Unfortunately, the merhod aed vemproduce ve valic 


schedule for either of Une quarvers pammeene |) irs eesece 
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with 424 classes to be scheduled, the algorithm left from 
3 to 7 classes unscheduled. In the second case, with over 
DOO classes to be scheduled, the algorithm left from 13 to 
21 classes unscheduled. 

However, the results are not totally poor. In the 
first case a hand modification produced an acceptable 
schedule. This hand modification violated the requirement 
that classes convene at the same hour each day. It is felt 
Lie Oorat Om 1S accepwaole for a small number of 
classes. 

The conflict graph coloring method was utilized to 
Dprceuce ene Schedule of finals for one ot the quarters for 
Che Naval Posteraduate School. The final schedule problem 
Tow NOumMeS cemanding as the quarterly sehedule in that each 
class only requires one period. ‘Thus, the final schedule 
Gam be produced by the unmodified coloring algorithm. 

There was one additional constraint on the finals schedule. 
This constraint was that no person be scheduled for more 
Than two finals in any, day. A simple manual procedure was 


Were vo Verity this condition. 
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